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Abstract
Recently a phenomenological relationship for the observed cosmological con-
stant has been discussed by Motl and Carroll in the context of treating the cos-
mological constant as a 2× 2 matrix but no specific realization of the idea was
provided. We realize a cosmological constant seesaw mechanism in the context
of quantum cosmology. The main observation used is that a positive cosmolog-
ical constant plays the role of a Mass2 term in the Wheeler DeWitt (WDW)
equation. Modifying the WDW equation to include a coupling between two
universes, one of which has planck scale vacuum energy and another which has
vacuum energy at the supersymmetry breaking scale before mixing, we obtain
the relation λ = (10TeV )8/M4
Pl
in a similar manner to the usual seesaw mech-
anism. We discuss how the picture fits in with our current understanding of
string/M-theory cosmologies. In particular we discuss how these results might
be extended in the context of exact wave functions of the universe derived from
certain string models.
1 Introduction
The small value of the cosmological constant in natural units λ = 10−120MP l is one
one of the most perplexing problems in physics. The problem has proved so daunting
that some have resorted to anthropic explanations involving 10500 universes. Re-
cently a phenomenological relationship for the observed cosmological constant has
been discussed by Motl and Carroll [1][2]. The basic idea was to treat the cosmo-
logical constant as a small eigenvalue of a 2 × 2 matrix. However a universe has
only one cosmological constant which is a number and not a matrix and it wasn’t
obvious how to implement the idea.
One way might be to introduce mixing between two universes with different
cosmological constants. A possible approach is to couple Wheeler-DeWitt (WDW)
1
equations for each universe together in order to effect topology change. Schemati-
cally we have:
K12(Σ,Σ
′) ∼
C∫
Σ
DgeiSλ1
Σ′∫
C
DgeiSλ2 ∼ Φ1C(Σ)Φ∗2C(Σ′)
where K12 is a transition amplitude between two spatial hypersurfaces Σ and Σ
′, C
is an interpolating hypersurface, Sλ1 and Sλ2 are actions with cosmological constant
λ1 and λ2, and Φ1 and Φ2 are solutions to the WDW equations (∆+λ1)Φ1 = 0 and
(∆ + λ2)Φ2 = 0 associated with these cosmological constants.
Also it has been known for some time that the cosmological constant plays the
role of a Mass2 in the WDW equation for a certain choice of variables [3][4][5].
Thus including mixing between universes might effectively turn a Mass2 term into
a Mass2 matrix. If one solves the coupled set of WDW equations by diagonalizing
this matrix, the solution could describe a universe with a phenomenologically viable
value of the cosmological constant obeying a seesaw relation λ = (10TeV )8/M4P l.
The purpose of this paper is to investigate this scenario.
This paper is organized a follows. In section 2 we describe a basic description of
the cosmological constant seesaw mechanism in the quantum cosmology of gravity
coupled a to a system of scalar fields. In section 3 we apply this approach to
axion/dilaton gravity used in string theory. In section 4 discuss the implementation
in M-theory inspired gravity models and contrast the cosmological seesaw approach
with the Bousso-Polchinski mechanism. In section section 5 we discuss how to realize
the cosmological seesaw in ultraviolet finite theories like 2 + 1 dimensional gravity
and certain string models within which one can perform exact calculations.
2 A Tale of Two Universes
In this section we present the basic model leading to a cosmological constant seesaw
mechanism. The main elements we shall need is a description of the Wheeler-DeWitt
equation in quantum cosmology, the role of the cosmological constant as a Mass2
term in the the WDW equation and some discussion of how topology change can
effect these equations.
2.1 Wheeler-DeWitt equation
We first develop the equations for quantum cosmology for gravity coupled to a
system of scalar fields. Other more specific choices of matter will be discussed in
the following sections. We mainly follow the treatment of [6]. The Einstein-Hilbert
action coupled to a system of scalar fields φI is given by
2
S =
1
2
∫
d4x(M2P l
√−gR−√−gλ− ∂φI∂φI) (2.1)
We choose the ansatz for the metric tensor given by:
dℓ2 = −N2(t)dt2 + a2(t)dΩ23
Here dΩ23 is the line element for a space of constant spatial curvature. Under the
ansatz the action becomes
S =
1
2
∫
dta3N(−9M2P l(
a˙
Na
)2 +
φ˙I φ˙I
N2
− λ+M2P l
k
a2
) (2.2)
Where the term with k is the spatial curvature which is positive, negative or zero
depending on whether the spatial geometry of the universe is positively curved,
negatively curved or flat. In going from (2.1) to (2.2) we have rescaled the Planck
mass to keep the appearance of formulas simple. Defining the volume as V = a3 we
have:
S =
1
2
∫
dtV N(−M2P l(
V˙
NV
)2 +
φ˙I φ˙I
N2
− λ+M2P l
k
V 2/3
)
Defining N˜ = NV the action is written:
S =
1
2
∫
dtN˜(−M2P l(
V˙
N˜
)2 + V 2
φ˙I φ˙I
N˜2
− λ+M2P l
k
V 2/3
)
We see that this form of the action is equivalent to a particle moving in a background
(V, φI) space. From the form of the action we can define a metric in this (V, φI)
space as:
δs2 = −M2P ldV 2 + V 2dφIdφI
Now after variation with respect to N˜ and setting πV =
1
N˜
M2P lV˙ , and π
I = 1
N˜
V 2φI
one obtains the constraint:
− 1
M2P l
π2V +
1
V 2
πIφπ
I
φ −M2P l
k
V 2/3
+ λ = 0
Turning the canonical momenta into operators we write the Wheeler-DeWitt equa-
tion as:
(− 1
M2P l
∂
∂V
∂
∂V
+
1
V 2
∂
∂φI
∂
∂φI
+M2P l
k
V 2/3
)Φ = λΦ
where Φ is the WDW wave function or wave function of the universe. The important
point for this paper is that that the cosmological constant term acts like a Mass2
3
term in the equation. This was used in [3] to describe the decay of a universe with
a large value of λ to a universe with a small value of λ in a process analogous
to particle decay. As we shall see the cosmological constant seesaw mechanism in
quantum cosmology is somewhat different in that one not only has the possibility
of decay but also oscillation and mixing of universes through off diagonal terms in
the Wheeler -De Witt equation.
Another important point is that there is no time in the WDW equation until
further gauge fixing is chosen. It is only that the WDW equation is of the Klein
Gordon type and d/dV plays the role that d/dt plays in the Klein Gordon equation.
Asymptotically one can decompose the metric into transverse traceless parts and
use coordinate choices to define a notion of time. In particular in 2+1 dimensions
one can choose a notion of time so that one can define a equation first order in time
derivatives by taking a Dirac square root [7].
Perhaps the most straightforward approach to the interpretation of the WDW
equation is to look at the form of the solutions at large volume V and see how they
relate to a semiclassical description around classical cosmological solutions. For a
particular choice of operator ordering the solution to the WDW equation for k = 0
is given by Hankel functions of the form:
Φ ∼ H(2)
iMPl|piφ|(
√
λMP lV )
where we used a separation of variables
Φ(V, φI) = Φpiφ(V ) exp(iφ
IπIφ)
Other choices of operator ordering only introduce a volume dependence prefactor
which doesn’t effect our discussion. For k not equal to zero one can use a WKB
type solution of the form:
Φ ∼ exp(−iMP l
V∫
V0
dV ′
√
λ+ πIφπ
I
φV
′−2 −M2P lkV ′−2/3)
For either of these solutions the large V behavior is given by:
Φ ∼ exp(−iMP l
√
λV ) + . . . (2.3)
Thus we say that a solution to to the WDW equation describes a universe with
cosmological constant λ if it’s large V behavior is given by (2.3).
4
2.2 Universe mixing and coupled WDW equations
In the Wheeler-DeWitt approach to quantum gravity each universe obeys an equa-
tion which can be interpreted as a field equation in (V, φ) space. This gives a simple
way to introduce an interaction between universes by coupling these equations. Al-
ternatively one can use a path integral approach where one evolves the geometry to
a conifold space which serves as an intermediary space and then evolve the geometry
to a different topology. This can be made more explicit in UV complete models such
as 1+1 gravity coupled to matter or 2+1 gravity without matter.
In this paper we expect that our results can be given a Ultraviolet (UV) com-
pletion through a finite theory of gravity like string theory. We define the term UV
complete as any theory in which energy can be taken to infinity (or length scales
taken to zero) without any modification of the theory, that is without the intro-
duction of any new physics at those scales. One can even go further and define
strongly UV complete theories as those which are background independent, weakly
UV complete theories which are background dependent, and kinematically UV com-
plete theories which are finite in certain kinematic limits. In string models (which
are not yet known to be strongly UV complete because of background dependence)
one can follow a time dependent sigma model to a conifold and then out to another
geometry to describe a mild form of topology change. Also recently the Wheeler-
DeWitt approach has been placed on somewhat firmer ground by calculating the
wave function of the universe exactly in certain string models [8]. For M-theory
which is known to be finite in certain kinematic limits instead of the sigma model
one can use a dual Matrix theory to define a big bang cosmology [9].
Here we take the approach of coupling two WDW equations to allow one universe
to transform into another. In a later section we will discuss how the results we obtain
can be cast into more exact treatments in UV complete models. We begin by writing
two WDW equations for two universes one with cosmological constant λ1 and one
with a cosmological constant parametrized by λ˜2 = λ1 + λ2 without coupling.
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
+M2P l
k
V 2/3
− λ1)Φ1 = 0
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
+ +M2P l
k
V 2/3
− (λ1 + λ2))Φ2 = 0
Writing the second cosmological constant as the sum of two quantities λ˜2 = λ1+λ2 is
for convenience when we discuss the inclusion of mixing. As in our discussion above
we can interpret this equation as of the Klein-Gordon form with Mass2 matrix:
M2 =
(
λ1 0
0 λ1 + λ2
)
Now we introduce a coupling between these two equations. The motivation is
5
that topology change can be expected in any quantum theory of gravity. When
present it effectively allows universes of one type or topology to connect or turn into
another. Allowing for different values of the cosmological constant associated with
different topologies is natural in string inspired models where different compactifi-
cations lead to different supersymmetry breaking and different values of λ. We will
discuss some of these models in later sections. The coupling between ground state
wave functions is also seen in 1 + 1 solvable gravity models describing a midisuper-
space topology change between I = [0, 1] and S1 spatial topology. In string theory
these give a world sheet description of the interaction between open and closed string
states.
The coupling between the two WDW equations is taken as:
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
−M2P l kV 2/3 + λ1)Φ1 +
√
λ1λ2Φ2 = 0
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
−M2P l kV 2/3 + λ1 + λ2)Φ2 +
√
λ1λ2Φ1 = 0
So that the effective M2 matrix is modified to :
M2 =
(
0
√
λ1√
λ1
√
λ2
)(
0
√
λ1√
λ1
√
λ2
)
=
(
λ1
√
λ1λ2√
λ1λ2 λ1 + λ2
)
This form is motivated by the ordinary seesaw mechanism and is somewhat more
natural from point of view of taking a Dirac square root and also in supergavity
where it is the M matrix which plays the major role.
The coupled set of Wheeler-DeWitt equations can be derived from the La-
grangian:
L =
(
Φ∗1 Φ
∗
2
)( ∆ 0
0 ∆
)(
Φ1
Φ2
)
+
(
Φ∗1 Φ
∗
2
)( λ1 √λ1λ2√
λ1λ2 λ1 + λ2
)(
Φ1
Φ2
)
Where we have defined the operator:
∆ =
1
M2P l
∂
∂V
∂
∂V
− 1
V 2
∂
∂φI
∂
∂φI
−M2P l
k
V 2/3
(2.4)
As with the usual seesaw mechanism we can diagonalize the coupled equations by
computing the eigenvalues and eigenvectors of the matrix M . The eigenvalues are
given by:
λ− = λ1 + 12λ2 −
√
(λ1 +
1
2λ2)
2 − λ21
λ+ = λ1 +
1
2λ2 +
√
(λ1 +
1
2λ2)
2 − λ21
(2.5)
These eigenvalues satisfy the relation:
6
λ−λ+ = λ21
Expanding out the relation when λ2 is much greater than λ1 we have:
λ− =
λ2
1
2λ1+λ2
+ . . .
λ+ = 2λ1 + λ2 + . . .
(2.6)
It is sometimes useful to use the λ˜2 parametrization. In this case
λ± =
λ1 + λ˜2
2
±
√
(λ1 + λ˜2)2 − 4λ21
2
which becomes for λ˜2 much greater than λ1:
λ− =
λ2
1
λ1+λ˜2
+ . . .
λ+ = λ1 + λ˜2 + . . .
We can expand the Wheeler-DeWitt wave functions in an eigenbasis of the matrix
to obtain:
(
Φ1
Φ2
)
= Φ−
1
1 + λ−/λ1
(
1
−√λ−/λ1
)
+Φ−
1
1 + λ+/λ1
(
1√
λ+/λ1
)
Using the new wave functions the Lagrangian becomes:
L =
(
Φ∗− Φ
∗
+
)( ∆ 0
0 ∆
)(
Φ−
Φ+
)
+
(
Φ∗− Φ
∗
+
)( λ− 0
0 λ+
)(
Φ−
Φ+
)
The decoupled Wheeler-Dewitt equations derived from this Lagrangian are then:
( 1
M2
Pl
∂
∂V
∂
∂V − 1V 2 ∂∂φI ∂∂φI +−M2P l kV 2/3 + λ−)Φ− = 0
( 1
M2
Pl
∂
∂V
∂
∂V − 1V 2 ∂∂φI ∂∂φI −M2P l kV 2/3 + λ+)Φ+ = 0
Using the expressions for the eigenvalues in (2.4) and setting
λ1 = (10TeV )
4
λ2 =M
4
P l
we obtain the desired expression:
λ− =
(10TeV )8
M4
Pl
+ . . .
λ+ =M
4
P l + . . .
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The wave functions Φ− and Φ+ are then given by:
Φ− ∼ H(2)iMPl|piφ|(
√
λ−MP lV )
Φ+ ∼ H(2)iMPl|piφ|(
√
λ+MP lV )
Here we discuss the k = 0 case. For k not equal to zero we can use WKB
solutions. Expressing the original fields Φ1 and Φ2 in terms of Φ− and Φ+ we have
the solution to the original coupled set of equations as:
Φ1 ∼ H(2)iMPl|piφ|(
√
λ−MP lV ) +
√
λ1
λ2
H
(2)
iMPl|piφ|(
√
λ+MP lV )
Φ2 ∼ −
√
λ1
λ2
H
(2)
iMPl|piφ|(
√
λ−MP lV ) +H
(2)
iMPl|piφ|(
√
λ+MP lV )
The behavior of these wave functions at large V are given by
Φ1 ∼ exp(−iMP l
√
λ−V ) + . . .
Φ2 ∼ exp(−iMP l
√
λ+V ) + . . .
plus a small mixing term. Thus we see that they describe predominantly a classical
cosmology with cosmological constant λ− and λ+ respectively. The cosmological
constant seesaw mechanism is then the identification of our universe as the dominant
piece in Φ1 which describes at large V a cosmology evolving with cosmological
constant λ− =
(10TeV )8
M4
P
+ . . ..
Let’s review what we did. We identified the cosmological constant as a Mass2
type term in the Wheeler-DeWitt equation. We coupled two such equations together
through a mixing term and formed a 2 × 2 mass matrix whose form was inspired
from the ordinary seesaw mechanism. We solved this coupled set of equations and
looking at the large V behavior of the solutions and found a phenomenologically
viable expression for the cosmological constant in terms of two constants describing
the Mass2 matrix. The size of these constants is of order of the vacuum energy
before mixing which we take to be (10TeV )4 in one universe and M4P l in another.
We discuss a common mechanism to explain the appearance of the 10TeV scale in
later sections.
One interpretation of the coupling of Wheeler-DeWitt functions is that it orig-
inates from topology changing effects. Topology change seems to be inevitable in
quantum gravity. To treat topology change properly is a very complicated calcu-
lation using today’s mathematical tools. To place this in context even a simple
transition from spatial topology of I to S1 where I is the unit interval is at least
as complicated as the transition from open to closed strings in String Field the-
ory. Indeed in this case the topology change leads to a coupling between open and
closed Aµ and Bµν wave functions. This has a physical effect of the Bµν field eating
8
the Aµ field and becoming massive and modifies it’s wave equation. The effect we
are studying is similar to this case except we a dealing with topology change in
spacetime, wave equations in (V, φI) space and the cosmological constant instead of
masses. We shall find an even closer analogy to the neutrino seesaw in supersym-
metric theories where it is the Mass instead of Mass2 matrix which appears in the
constraint equations.
3 String Inspired Gravity
In the next three sections we apply the techniques of the previous section to various
gravity matter systems of current interest.
Contrary to popular belief string theory does make some model independent
predictions. In particular the string dilaton and axion are present in almost all
string models. In this case the Einstein-Hilbert action is of the form:
S =
1
2
∫
d4x(M2P l
√−gR−√−gλ− ∂φ∂φ− e2φ∂χ∂χ)
Where φ is related to the dilaton and χ to the axion and we have Weyl trans-
formed to the Einstein frame using the notation of [10]. The axion is related to the
antisymmetric field through the relation:
Hµνρ = e2φεµνρσ∂σχ
Taking the ansatz φ = φ(t) and χ = χ(t) and defining:
m1 = χ
m2 = e
−φ
the action becomes:
S =
1
2
∫
dtN˜(−M2P l(
V˙
N˜
)2 +M2P lV
2 m˙
2
1 + m˙
2
2
m22N˜
2
− λ+M2P l
k
V 2/3
)
This action is equivalent to that of a particle with Mass2 = λ with background
metric in (V,m1,m2) space given by:
δs2 = −M2P ldV 2 +M2P lV 2
1
m22
(dm21 + dm
2
2)
The constraint derived from the above action is:
− 1
M2P l
π2V +
m22
M2P lV
2
(π21 + π
2
2)−M2P l
k
V 2/3
+ λ = 0
9
where π1 and π2 are the canonical momentum associated withm1 andm2. As before
treating this as a operator equation we write the WDW equation as:
(
1
M2P l
∂2
∂V 2
− m
2
2
M2P lV
2
(
∂2
∂m21
+
∂2
∂m21
)−M2P l
k
V 2/3
+ λ)Φ = 0
To solve this equation one can again try separation of variables:
Φ(v,m1,m2) = Φs(V )fs(m1,m2)
where fs obeys:
m22(
∂2
∂m21
+
∂2
∂m21
)fs = s(s− 1)fs
and Φs satisfies the equation:
(
1
M2P l
∂2
∂V 2
+
s(1− s)
M2P lV
2
−M2P l
k
V 2/3
+ λ)Φs = 0
Analysis of the first equation [10] indicates that the solutions of cosmological interest
have s = 12 + iν with ν > 0. For a certain choice of operator ordering and k = 0 the
second equation has the solution of the form:
Φs(V ) ∼ H(2)
i
√
ν2+ 1
4
(
√
λVMP l)
For k not equal to zero the solution is more complicated but we can use a WKB
type solution:
Φs(V ) ∼ exp(−iMP l
V∫
V0
dV ′
√
λ+ s(1− s)M−2P l V ′−2 −M2P lkV ′−2/3)
The cosmological seesaw proceeds as in the previous section. One introduces a
pair of coupled WDW equations of the form:
( 1
M2
Pl
∂
∂V
∂
∂V +
s(1−s)
M2
Pl
V 2
−M2P kV 2/3 + λ1)Φ1 +
√
λ1λ2Φ2 = 0
(− 1
M2
Pl
∂
∂V
∂
∂V +
s(1−s)
V 2 −M2P l kV 2/3 + λ1 + λ2)Φ2 +
√
λ1λ2Φ1 = 0
and proceeds to solve these coupled equations. In the above we have suppressed the
s index. The main difference from the previous case is the parameter
√
ν2 + 14 in
the Hankel function instead of
√
πIφπ
I
φ so that:
Φ1 ∼ H(2)
i
√
ν2+ 1
4
(
√
λ−MP lV ) +
√
λ1
λ2
H
(2)
i
√
ν2+ 1
4
(
√
λ+MP lV )
Φ2 ∼ −
√
λ1
λ2
H
(2)
i
√
ν2+ 1
4
(
√
λ−MP lV ) +H
(2)
i
√
ν2+ 1
4
(
√
λ+MP lV )
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For large V the cosmological constant term dominates and this difference doesn’t
change the large V behavior of the solutions which again go as :
Φ1 ∼ exp(−iMP l
√
λ−V ) + . . .
Φ2 ∼ exp(−iMP l
√
λ+V ) + . . .
One identifies our universe with the the portion of the wave function with an effective
small cosmological constant λ−.
The system of axion/dilaton gravity is formally similar to the case of 2+1 quan-
tum gravity with spatial topology T 2 except in the case of 2+1 gravity there are no
gravitons and the minisuperspace description is exact in certain formulations. We
shall return to exactly soluble systems in a later section. For here we note that like
the system of 2+1 gravity [7] one can construct a Dirac square root of the coupled
WDW equation by writing:
1
MPlV
(
V πV im2(π1 + iπ2)
im2(π1 − iπ2) −V πV
)
Ψ1 =
√
λ1Ψ2
1
MPlV
(
V πV im2(π1 + iπ2)
im2(π1 − iπ2) −V πV
)
Ψ2 =
√
λ1Ψ1 +
√
λ2Ψ2
where Ψ1 and Ψ2 are two component wave functions describing separate universes.
To take into account operator ordering one can replace im2(π1 + iπ2) with L1 =
−m2( ∂∂m1 + i ∂∂m1 )− 1 and im2(π1 − iπ2) with K0 = m2( ∂∂m1 − i ∂∂m1 ) as in [7]. It’s
clear that in this form it is the matrix:
M =
(
0
√
λ1√
λ1
√
λ2
)
which appears. So the Dirac square root method is quite similar to the ordinary
seesaw mechanism.
One interesting feature of string inspired actions is S-duality symmetry. S-duality
is given by:
m1 + im2 → a(m1 + im2) + b
c(m1 + im2) + d
where a, b, c, d are integers such that ad − bc = 1. This symmetry relates strong
coupling to weak coupling. Also in any realistic application a potential U(m1,m2)
should be introduced. To preserve S-duality U(m1,m2) and the wave functions
should transform as modular forms. For k = 0 one can also impose a T-duality
which relates V to M−6P l /V [11][12][13]. This is particularly interesting with respect
to the cosmological constant seesaw because it relates the large V behavior of the
wave function to it’s small V behavior. In quantum cosmology the large V behavior
11
is dominated by the cosmological constant. By contrast the small V behavior is
dominated by short distance physics. The T-duality symmetry relates these limits.
Another interesting feature of string inspired gravity is that λ can be computed
in string models. Typically one gets values for λ that are of order of the super-
symmetry breaking scale (supersymmetric models) or of order of the planck scale
(nonsupersymmetric models) and this fits the input parameters λ1 and λ2 of the
seesaw model quite well.
4 M-theory Inspired Gravity
There are at least two separate approaches to M-theory inspired gravity. In one
approach called the Bousso-Polchinski model [14] one compactifies the 11d theory
to four dimensions on a seven manifold and turns on several (possibly hundreds) of
four form fluxes which adjust a bare cosmological constant. In another approach
which we will call the Horava-Witten model [15] one compactifies first to five dimen-
sions on a six manifold and then treats ordinary matter as fixed to four dimensional
boundaries which can interact gravitationally through bulk exchange of five dimen-
sional gravitons and graviphotons. In this context one has also an solution to the
Hierarchy problem discussed in [16].
We shall discuss these models separately and seek to place them in the context
of the cosmological constant seesaw.
4.1 Bousso-Polchinski Model
The Bousso-Polchinski model can be described by the low energy action:
S =
1
2
∫
d4x(M2P l
√−gR−√−gλ− 1
24
F (I)µνρσF (I)µνρσ)
where F I = dAI are a set of four forms and λ is a bare cosmological constant.
Following [17] we introduce a three form potential ansatz:
A
(I)
ijk(t) = εijkϕ
I(t)
In the Bouso-Polchinski model the four fluxes are quantized. This translates in
minisuperspace to periodicity in ϕI → ϕI + 2πRI2 where RI2 are parameters of
dimension of area which characterize the flux.
Using the above ansatz the action becomes:
S =
1
2
∫
dtNa3(−9M2P l
a˙2
N2a2
− λ+ ϕ˙
I ϕ˙I
N2a6
+M2P l
k
a2
)
Defining N˜ = NV the action is written as:
12
S =
1
2
∫
dtN˜(−M2P l(
V˙
N˜
)2 +
ϕ˙I ϕ˙I
N˜2
− λ+M2P l
k
V 2/3
)
In this case we can define a metric in this (V, φI) space as
δs2 = −M2P dV 2 + dϕIdϕI
Now after variation with respect to N˜ and setting πV =M
2
P lV˙ /N˜ , and π
I
ϕ = ϕ˙
I/N˜
one obtains the constraint:
− 1
M2P l
π2V + π
I
ϕπ
I
ϕ −M2P l
k
V 2/3
+ λ = 0
The WDW equation is then:
(
1
M2P l
∂2
∂V 2
− ∂
∂ϕI
∂
∂ϕI
−M2P l
k
V 2/3
+ λ)Φ = 0
Using the separation of variables:
Φ(V, ϕI) = Φn(V ) exp(in
IϕI/RI2)
it is straightforward to solve this equation. For k = 0 we have the simple solution:
Φ(V, ϕI) = exp(−iV MP l
√
nI2
RI4
+ λ) exp(inIϕI/RI2)
For k not equal to zero we can follow Duncan and Jensen [17] to define:
z =
(
3VMP l
2( n
I2
RI4
+ λ)
)2/3
(
nI2
RI4
+ λ− k M
2
P l
V 2/3
)
The solution for a certain choice of operator ordering can be written in terms of
Airy functions as:
Φn(V ) = Ai(z)− iBi(z)
Other choices of operator ordering will not modify the large V behavior of the wave
function which we use in our analysis. Using the asymptotic expression for Airy
functions we have:
Φn(V ) ∼ exp(−i V MP l
( n
I2
RI4
+ λ)
(
nI2
RI4
+ λ− kM
2
P l
V 2/3
)3/2)
So that we have the same large V behavior as k = 0:
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Φn(V ) ∼ exp(−iV MP l
√
nI2
RI4
+ λ)
In this form we see that λnR =
nI2
RI4
+ λ plays the role of an effective cosmological
constant.
The cosmological constant seesaw can be implemented by introducing the mixing
between two WDW fields of the form:
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
+M2P l
k
V 2/3
− ( nI2
RI4
+ λ1))Φ1 =
√
λ1nRλ2mLΦ2
(− 1
M2
Pl
∂
∂V
∂
∂V +
1
V 2
∂
∂φI
∂
∂φI
+ +M2P l
k
V 2/3
− (mI2
LI4
+ λ˜2))Φ2 =
√
λ1nRλ2mLΦ1
Here (nI/RI2, λ1) are the flux and cosmological constant in one universe.
(mI/LI2, λ˜2) are the flux and cosmological constant in the other universe. As before
λ˜2 = λ1 + λ2. The solutions to the coupled equations are again of the form:
Φ1 ∼ exp(−iMP l
√
λ−V ) + . . .
Φ2 ∼ exp(−iMP l
√
λ+V ) + . . .
where in this case:
λ± =
λ1 +
nI2
RI4
+ λ˜2 +
mI2
LI4
2
±
√
(λ1 +
nI2
RI4
+ λ˜2 +
mI2
LI4
)2 − 4(λ1 + nI2RI4 )2
2
When the vacuum energy before mixing in the universe described by Φ2 is much
greater than that the vacuum energy in the universe described by Φ1 we have the
approximate formula:
λ− =
(λ1+
nI2
RI4
)2
λ1+
nI2
RI4
+λ˜2+
mI2
LI4
+ . . .
λ+ = λ1 +
nI2
RI4
+ λ˜2 +
mI2
LI4
+ . . .
(4.1)
These expressions give a phenomenologically viable cosmological constant if:
nI2
RI4
+ λ1 ≈ (10TeV )4
mI2
LI4
+ λ˜2 ≈ (MP l)4
The estimates are quite natural if Φ1 describes a universe with soft supersymme-
try breaking and Φ2 describes a nonsupersymmetric string or hard supersymmetry
breaking at the Planck scale.
An interesting special case is when the parameters λ1 and λ˜2 are zero so that
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the vacuum energy is completely given by the flux terms. Then:
λ− ≈ n4m2 L
4
R8
λ+ ≈ m2L4
and for the case when the flux strengths are are determined by the supersymmetry
breaking scale in each universe:
1
R ≈ 10TeV
1
L ≈MP l
we also get phenomenologically viable estimate of the vacuum energy.
Returning to the general case we note for the WDW equation of this model the
cosmological constant again becomes an effective M2 term of the form:
M2 =
nI2
RI4
+ λ
The Bousso-Polchinski mechanism of obtaining a small cosmological constant is
quite different from the cosmological constant seesaw we just discussed. The Bousso-
Polchinski model effectively adjusts the fluxes nI/RI2 so that the M2 is small for
negative λ. In this way we see that the Bousso-Polchinski (BP) mechanism is analo-
gous to the Narain-Sarmadi method of removing Tachyons through compactification
[18]. Except in the BP model the target space is (V, ϕI) space and the analog of the
Tachyon field is a solution to the Wheeler-DeWitt equation.
One difficulty with Kaluza-Klein approaches such as the BP model are the large
moduli spaces that must be fixed or charges and masses could depend on time. The
external radii are dynamical but the internal radii need to be held static and this is
unnatural and requires fine tuning. If the anthropic principle is invoked one comes
up against the recent observation [19] that a large number of CKM type parameters
of the standard model are irrelevant for life but still appear static (for at least as
long as we have been measuring them).
Another approach might be to pursue a noncritical version of M-theory. See
for example [20][21][22]. Noncritical string theories are usually defined with linear
dilaton backgrounds or anti-DeSitter space and are not thought to be phenomeno-
logically viable. So little is known about noncritical M-theory that it is tempting to
speculate that it might fare better than noncritical string theory as a physical model.
Certainly this type of theory would be free of the moduli problem as there aren’t any
extra dimensions in this approach. Even the dilaton is absent being incorporated
as a component of the gravitational field. Large gauge groups are also possible, for
example the 2d noncritical Heterotic string contains E8 × SO(8) or SO(24) gauge
theory [23][24][25]. For the context of this paper the main point is that non-critical
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string theory or M-theory contains only a handful of fluxes compared to the Kaluza-
Klein theories. For example the 0A 2d noncritical string contains two fluxes. Thus
the Bousso-Polchinski mechanism might not work in such theories because there
are too few fluxes and the cosmological seesaw mechanism could prove to be an
alternative.
4.2 Horava-Witten Model
In the Horava-Witten approach [15] one compactifies the 11d M-theory on a six
dimensional compact manifold CY6 and then compactifies the remaining extra di-
mension on an interval I. This results in ordinary matter being confined to one of
two 4d boundaries. If the 5d metric connecting the 4d boundaries has a trumpet
spatial geometry it is possible to have a planckian vacuum energy and strong su-
persymmetry breaking on one four boundary and only a vacuum energy from soft
supersymmetry breaking on the other. This allows one to address the Hierarchy
problem as in [16]. For the purposes of this paper it allows us to set up Wheeler-
DeWitt equations for two universes with vacuum energies of (10TeV )4 and M4P l
respectively. This is the starting point for the Cosmological Constant seesaw.
The difference between the previous discussion and the Horava-Witten model is
the matter stress-energy on the boundaries that modifies Einstein’s equation as [26]:
M2P l(Rµν −
1
2
gµνR) = (T
m(a)
µν − λ(a)B gµν)δ(x5) + (Tm(b)µν − λ(b)B gµν)δ(x5 − π)
Here T
m(a,b)
µν , λ
(a,b)
B are the matter stress-energy and boundary cosmological constant
on boundary (a) and (b) respectively. Specializing this equation to it’s 00 component
tells us how to modify the constraints and the WDW equation. Essentially the
approach to the hierarchy problem in [16] using the trumpet geometry ensures that
on one boundary one has a WDW equation with one type of boundary matter and
small (10TeV )4 boundary cosmological constant λ
(a)
B while on the other boundary
one has another type of boundary matter and planckian boundary cosmological
constant λ
(b)
B .
It is not clear whether these two boundary cosmological constants are sufficient
to set up the cosmological constant seesaw or if one needs to introduce two separate
universes with their different boundary matter and boundary cosmological constants.
In the latter case the two WDW equations would essentially be of the form:
(∆5 + (T
m(a1)
00 + λ
(a1)
B )δ(x5) + (T
m(b1)
00 + λ
(b1)
B )δ(x5 − π))Φ1 = 0
(∆5 + (T
m(a2)
00 + λ
(a2)
B )δ(x5) + (T
m(b2)
00 + λ
(b2)
B )δ(x5 − π))Φ2 = 0
In this equation T
m(a1,b1)
µν , λ
(a1,b1)
B and T
m(a2,b2)
µν , λ
(a2,b2)
B are boundary stress-energies
and cosmological constants in universe 1 and 2 respectively. We have defined ∆5 as
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the analog of the operator (2.4) for five dimensional gravity. Here the basic approach
is that one universe will connect the two boundaries with a trumpet geometry that
will yield a cosmological constant on one boundary at the soft supersymmetry break-
ing scale. In the other universe the boundaries would be connected by a straight
cylindrical geometry so that each boundary would have Planckian vacuum energy.
The cosmological seesaw would correspond to the mixing of these two states.
The presence of mixing between the two WDW wavefunctions depends on the
topology change in the model. Estimates of spatial topology transitions computed
in 2+1 gravity where one has a UV complete theory, indicate the that the transition
probability for spatial topology change is small [27]. To go further one needs a
higher dimensional UV complete theory in which one can calculate. String theory
is strictly speaking not UV complete because of background dependence. Thus
it is remarkable that an exact calculation of wave functions of the universe and
topology change have been computed in certain string models as we discuss in the
next section.
5 Exact Calculations of the Wave Function of the Uni-
verse
Most of our discussion has taken place using minisuperspace wavefunctions. To
obtain more robust results one needs to either go beyond minisuperspace or work
in a context where minisuperspace is exact. In certain approaches to 2+1 gravity
with spatial topology T 2 one can work with exact minisuperspace wave functions
[28]. Also in certain string models a minisuperspace description was found and exact
wave functions of the universe were obtained [8]. We shall discuss these approaches
separately in relation to the cosmological constant seesaw mechanism.
5.1 2+1 Dimensional Gravity
For 2+1 gravity without matter and T 2 spatial topology a close relation to our
discussion of axion/dilaton gravity can be found. The main difference is that in
2+1 gravity the description can be exact essentially because gravitons are absent.
Also instead of matter fields one uses the anisotropy parameters of the spatial metric.
The action for 2 + 1 dimensional gravity is given by:
S =
∫
d3x
√−g(MP lR− λ
2
)
In 2 + 1 dimensions one can work in special gauge where the metric components
only depend on time. In this gauge the metric is written as:
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dℓ2 = −Ndt2 + V (t)
(
dx dy
) 1
m2(t)
(
m21(t) +m
2
2(t) m1(t)
m1(t) 1
)(
dx
dy
)
Here m1,m2 are anisotropy parameters but they essentially play the role of axion
and dilaton zero modes in section 3 so we use the same notation. Defining N˜ = NV
and rescaling the Planck mass the action takes the form:
S =
1
2
∫
dtN˜(−MP l V˙
2
N˜2
+MP lV
2 m˙
2
1 + m˙
2
2
m22N˜
2
− λ)
In this expression we see that the the action corresponds to the action of a particle
in background metric in (V,m1,m2) space given by:
δs2 = −MP ldV 2 +MP lV 2 1
m22
(dm21 + dm
2
2)
The constraint derived from the action is:
−π2V +
1
V 2
m22(π
2
1 + π
2
2) + λMP l = 0
Then upon quantization the Wheeler-Dewitt equation for 2 + 1 gravity becomes an
ordinary differential equation.
(
1
MP
∂2
∂V 2
− m
2
2
MP lV 2
(
∂2
∂m21
+
∂2
∂m21
) + λ)Φ = 0
Following references [29][30] we make the change of variables to:
X1 =
√
V
2
√
MPl
(
m2
1
+m2
2
m2
− 1m2 )
X2 =
√
V m1√
MPlm2
X0 =
√
V
2
√
MPl
(
m2
1
+m2
2
m2
+ 1m2 )
Then the metric in (V,m1,m2) space becomes:
δs2 = −dX20 + dX21 + dX22
and the WDW equation then takes the simple form:
(−P 20 + P 21 + P 22 + λ)Φ = 0
In these variables it is very straightforward to see that λ plays the role of Mass2 in
the Klein-Gordon type equation.
The transformation properties of the wave functions under the SL(2, Z) sym-
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metry of the anisotropy parameters are somewhat easier to describe in terms of the
(V,m1,m2)variables so again by using separation of variables the wave functions
are:
Φ(V,m1,m2) = Φs(V )fν(m1,m2) ∼ H(2)
i
√
ν2+ 1
4
(
√
λV
√
MP l)fν(m1,m2)
At large V these wave functions behave as:
Φs(V ) ∼ exp(−iV
√
MP l
√
λ)
The formulation of 2+1 gravity recounted above is usually used to describe a single
universe. If one wants to describe multiple universes one can form a direct sum
of T 2 spaces. However we are interested in direct sums which describe universes
with different cosmological constants. In higher dimensions the vacuum energy on
different spatial topologies can in principle be calculated and one obtains different
Casimir energies which, if they come from internal dimensions, effectively act as
different cosmological constants. In 2 + 1 gravity one seeks to mimic this but one
doesn’t want to introduce a fluctuating field to calculate the vacuum energy as this
would destroy the solvability of the the theory. Thus one simply introduces two
different cosmological constants directly into the theory. Doing this in the context
of this paper we write a coupled set of WDW equations as:
( 1MPl
∂
∂V
∂
∂V +
s(1−s)
MPlV 2
+ λ1)Φ1 +
√
λ1λ2Φ2 = 0
(− 1MPl
∂
∂V
∂
∂V +
s(1−s)
V 2 + λ1 + λ2)Φ2 +
√
λ1λ2Φ1 = 0
Again solving these coupled equations as before:
Φ1 ∼ H(2)
i
√
ν2+ 1
4
(
√
λ−MP lV ) +
√
λ1
λ2
H
(2)
i
√
ν2+ 1
4
(
√
λ+MP lV )
Φ2 ∼ −
√
λ1
λ2
H
(2)
i
√
ν2+ 1
4
(
√
λ−MP lV ) +H
(2)
i
√
ν2+ 1
4
(
√
λ+MP lV )
The large V behavior of the solutions which again go as :
Φ1 ∼ exp(−i
√
MP l
√
λ−V ) + . . .
Φ2 ∼ exp(−i
√
MP l
√
λ+V ) + . . .
with λ− and λ+ given by the seesaw relations (2.5). Although the formulas are
essentially the same as section 3 the main difference is that in 2+1 dimensions there
are no gravitons to modify the minisuperspace description of the wave functions and
potentially effect the seesaw relationship.
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5.1.1 OSV Wave functions and Supergravity
Another context in which minisuperspace can be exact are certain compactified
string models considered in [8]. This is related to the approach of Witten [31][32]
who realized that when looking at topological quantities in supersymmetric models
that involve low lying states one could obtain results much more easily using a
simpler 0 + 1 or 1 + 1 field theory instead of the full theory. When generalized to
gravitational interactions as in [8] the 0 + 1 becomes is an exact description of the
wave function by minisuperspace. For a 1 + 1 reduction we would have an exact
description in terms of midisuperspace [33][34]. Note also that the Wheeler De Witt
equation has no time and can be viewed as a sort of zero energy condition of the
form HΨ = 0 [35].
The exact wave function found in [8] has arguments given by XI and X¯I which
are three form fluxes of the internal 6d Calabi Yau manifold, K(X, X¯) is the expo-
nentiated Kahler potential and the W (X) is the superprepotential. The Wheeler-
DeWitt equation was reduced to two separate BPS type equations using supersym-
metry and H = Q¯Q. The BPS equations were given by:
QΦ = ( ∂
∂XI
− ∂¯IK + i∂¯IW¯ )Φ = 0
Q¯Φ = ( ∂
∂X¯I
− ∂IK − i∂IW )Φ = 0
with the exact solution:
Φ(X, X¯) = exp(K(X, X¯) + i(W (X) − W¯ (X¯)))
In this context the cosmological constant seesaw it is not too difficult to form as
a direct sum of two such spaces and again we write a coupled set of WDW equations
of the form:
H1Φ1 = −Λ12Φ2
H2Φ2 = −Λ12Φ1 (5.1)
In equation (5.1) the cosmological constant of each universe is built in to the defini-
tion of H1 and H2 and so is not separated out from the superpotential and that is
why only the mixing term Λ12 is displayed. The main difficulty is that any seesaw
relationship we have found is of the form λ21/λ2 so that at least one of the universes
used in the seesaw should have positive cosmological constant if one want to have a
cosmologically interesting prediction. However the discussion of [8] was strictly for
λ negative. Nevertheless there may be a generalization to positive λ. Such scenar-
ios typically involve uplifting the superpotential by the addition of a constant term
[36][37]. If this can be developed in the context of OSV wave functions one should
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be able to build a cosmological seesaw using the exact wave functions.
Finally in four dimensional supergravity one can also write the constraints in
terms of two equations [38]:
SΨ = 0
S¯Ψ = 0
with
SA
′
= εijkeAA′i(x)Djχ
A
k (x)− 12χAi δδeAA′i (x)
S¯A = Dj
δ
δχAi (x)
+ 12
δ
δeAA
′
i (x)
DA
′B
ij
δ
δχBj (x)
and where e and χ are spatial component of the vierbein and gravititino field re-
spectively. The differential operator DA
′B
ij can be found in [38].
Now we couple a pair such supergravity constraint equations together in order
to induce mixing between universes. Describing universes by wave functions Ψ1 and
Ψ2 but with different values of λ we write:
SΨ1 = (
√
λ1ε
ijkeai e
b
jγaγbχk)Ψ2
SΨ2 = (
√
λ1ε
ijkeai e
b
jγaγbχk)Ψ1 + (
√
λ2ε
ijkeai e
b
jγaγbχk)Ψ2
In this form we see that it again is the M matrix:
M =
(
0
√
λ1√
λ1
√
λ2
)
which appears. So the generalization to supergravity is close to usual seesaw mecha-
nism except the spinor components of the wave function of the universe play the role
of the neutrino field. Finally a mass for the gravitino also modifies this supergravity
constraint equations equation in a similar way to
√
λ [39]. However scenarios of
light gravitino and heavy gravitinos are still possible [40], [41]. Thus there is as yet
no clear relation between the m3/2 and the measurement of positive λ.
6 Conclusion
In this paper we have introduced a realization of a cosmological constant seesaw
mechanism in quantum cosmology. The main observation we used was that the
cosmological constant plays the role of a Mass2 type term in the Wheeler-Dewitt
equation. As each universe only has one cosmological constant a way to introduce
a cosmological constant into a 2× 2 matrix is through mixing with other universes.
One concrete way of introducing this mixing is by coupling two Wheeler-DeWitt
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equations together. If one of the universes before mixing has vacuum energy at
the Planck scale and one has vacuum energy before mixing at the supersymmetry
breaking scale we obtain the cosmological constant seesaw relationship. The mecha-
nism differs from Bousso and Polchinki in that the anthropic principle is not needed.
Intriguing derivations of exact wave functions of the universe in string theory may
allow for a more precise realization of the cosmological seesaw mechanism in the
future.
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